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Abstract: We construct lattice theories from reduced staggered fermions that we argue
yield chiral theories in the continuum limit. The construction employs Yukawa interactions
of Fidkowski-Kitaev type to generate masses for half of the lattice fermions while preserving
all symmetries. The lattice theories naturally yield continuum theories with eight or sixteen
Majorana fermions in two and four dimensions respectively as required by discrete anomaly
cancellation.
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1 Introduction
It has long been a goal of lattice field theory to be able to describe continuum chiral gauge
theories. All of the standard lattice fermion prescriptions; Wilson, staggered, overlap and
domain wall are only capable of describing vector-like theories. The reason is well known
- the Nielsen-Ninomiya theorem asserts that a wide class of fermion discretizations with
exact chiral symmetry will necessarily contain equal numbers of left and right handed fields
[1].
One natural way to evade this theorem is to start from a vector-like lattice theory and
introduce interactions that are capable of generating large masses for modes of a single
chirality leaving behind a low energy theory containing fermions of the opposite chirality.
Perhaps the earliest example of such a proposal was made by Eichten and Preskill in the
early days of lattice gauge theory [2]. The idea was to introduce four fermion terms into the
action which, it was hoped, were capable of gapping the unwanted mirror fermions. The
early numerical work to test this idea made use of Wilson and staggered lattice fermions
[3–7] and appeared to invalidate the approach; to generate large mirror masses large four
fermion or Yukawa couplings were needed and typically this resulted in the formation of
symmetry breaking condensates coupling left and right handed states via Dirac mass terms
[8].
More recently this approach was revived for lattice fermion actions with superior chiral
properties - in a series of papers Poppitz et al. have investigated models using overlap
fermions [9–11] while a gauge invariant path integral measure for overlap chiral fermions
in SO(10) was constructed in [12]. Complementary to this work Grabowska and Kaplan
proposed a lattice regulator for chiral gauge theories using domain wall fermions [13].
However, again, the overall conclusion of this new work was that it was difficult, if not
impossible, to decouple the chiralities in the continuum limit.1
1The exception to this was Lu¨scher’s formal construction of a path integral for U(1) chiral gauge theory
in [14]
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However, in recent years, a series of developments in condensed matter physics have
provided new insights into the problem. One of the key new ingredients has been the
discovery of models in which fermions can acquire masses without breaking symmetries.
This field was launched by the seminal paper of Kitaev and Fidkowski [15] who showed that
it was possible to design a four fermion interaction that was capable of generating masses
for precisely eight zero dimensional Majorana modes. Subsequent work generalized this to
higher dimensions finding that eight Majorana fermions are needed also in two dimensions
and sixteen Majorana fermions in three and four (spacetime) dimensions [16–18]. It is now
understood that these magic numbers of fermions are tied to the cancellation of certain
discrete anomalies in these theories [19].
The idea of symmetric mass generation can also be used in vector-like lattice theories
and a number of recent numerical studies have provided good evidence for the existence of
massive symmetric phases in dimensions from two to four [20–27]. While such phases had
been observed in early lattice studies they were typically separated from the weak coupling
regime by regions where the symmetries were spontaneously broken and the massive sym-
metric phases were interpreted as lattice artifacts. The novel feature of the new studies
was the absence of broken phases and the possibility of constructing a continuum limit for
massive Dirac fermions without breaking symmetries. The common element in all the new
work was that the models employed a variant of the usual staggered fermion prescription
containing half as many fermions - a formalism termed reduced staggered fermions. This
reduced formalism will also form a key ingredient in our proposal for constructing chiral
lattice theories.
It was also realized by Xu, Wen, and others that this new method for symmetric mass
generation might allow one to construct anomaly free chiral lattice gauge theories and
several proposals have been made [18, 28–30]. However, it is fair to say that none of these
proposals show, in a concrete way, both how to achieve the required mass decoupling for
some subset of lattice fields and how the remaining light fields naturally lead to Majorana
or Weyl fermions in the continuum limit. Our construction aims to bridge this gap by
furnishing an explicit lattice theory in which certain single component relativistic lattice
fermions can be gapped by a Kitaev type interaction while simultaneously producing a low
energy theory which is chiral in the continuum limit.
We start our discussion with a quick review of reduced staggered fermions and how
they may be given a mass without breaking symmetries using a carefully chosen quartic
interaction. Since a reduced staggered field yields a vector-like theory in the continuum
limit it needs additional modification to be capable of describing chiral fermions. This
modification is described in the next section which discusses two dimensions. The gener-
alization to four dimensions is then presented. We summarize our conclusions and discuss
open questions in the final section of the paper.
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2 Reduced staggered fermions and symmetric mass generation
The usual staggered fermion action is easily arrived at by spin diagonalizing the naive
fermion action on a hypercubic lattice and takes the form [31]
S =
∑
x,µ
ηµ(x)χ(x)D
S
µχ(x) +
∑
x
mχ(x)χ(x) (2.1)
where ηµ(x) = (−1)
∑µ−1
i=0 xi are the usual staggered fermion phases and the symmetric
difference is given by
DSµχ
a(x) =
1
2
(χa(x+ µ)− χa(x− µ)) (2.2)
If m = 0 a further reduction is possible by keeping only one (single component) fermion at
each lattice site. Explicitly we introduce the projectors P± defined by
P± =
1
2
(1± ǫ(x)) (2.3)
where the site parity is given by ǫ(x) = (−1)
∑D−1
µ=0 xµ . The lattice action decomposes into
S =
∑
x,µ
ηµ(x)
(
χ+D
S
µχ− + χ−D
S
µχ+
)
(2.4)
where P+χ = χ+ etc. The reduction corresponds to, for example, retaining only the fields
P+χ and P−χ. This results in the reduced staggered fermion action whose continuum limit
corresponds to one and two Dirac fermions in two and four dimensions respectively [32].
Given the absence of mass terms in the reduced formalism the first non-trivial interac-
tion we can write down in such a lattice theory is a four fermion term. The very simplest of
these requires four reduced staggered fields transforming under an SU(4) global symmetry:
S =
∑
x,µ
χa(x)ηµ(x)D
S
µχ
a(x) +
λ2
24
∑
x
ǫabcdχ
a(x)χb(x)χc(x)χd(x) (2.5)
where we have relabeled χ→ χ on odd parity lattice sites. Crucially, the reduced staggered
action is also invariant under a discrete symmetry G depending on the lattice site parity:
χ(x)→ iǫ(x)χ(x) (2.6)
Notice that in the absence of any anomaly these symmetries forbid any fermion bilinear
operator from appearing in the quantum effective action.
Evidence of a massive symmetric phase has been seen in this model in both two and
three dimensions. In two dimensions the Coleman theorem prohibits spontaneous breaking
of the SU(4) symmetry leading to single phase structure with the asymptotically free
coupling λ2 generating a mass for the fermions m ∼ Λe−
1
λ2 without breaking symmetries
[26].
It is often convenient to replace the four fermion term by a Yukawa interaction with
an auxiliary scalar field. The scalar action that was employed in [22, 24] is given by
S = λ
∑
x
χaχbσ+ab +
1
2
(
σ+ab
)2
(2.7)
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where σ+ab is a self-dual scalar transforming in a fundamental representation of an SO(3)
subgroup of the original SU(4) = SO(6) symmetry.
σ+ab = P
+σab =
1
2
(
δacδbd +
1
2
ǫabcd
)
σcd (2.8)
After integration over the auxiliary scalar the resultant four fermion term is only SO(4)
invariant.2
A simple power counting argument suggests that in two dimensions any kinetic term
for the auxiliary σ is an irrelevant operator and can be neglected. This conclusion remains
true in three dimensions where a direct phase transition between massless and massive
symmetric phases has been observed [21, 22].
However such a kinetic operator becomes marginal in four dimensions and should be
included in the lattice action in order to take a continuum limit. This fact is consistent
with numerical simulations of the four dimensional model in which a direct phase transi-
tion between massless and massive symmetric phases was only obtained after tuning the
coupling to such a kinetic term [24].
One intuitive way to understand how a fermion mass arises in these models is to rewrite
the four fermion operator as
ǫabcdχ
a(x)χb(x)χc(x)χd(x) = Ωa(x)χa(x) (2.9)
corresponding to a fermion bilinear mass term formed by pairing an elementary fermion
with a composite fermion Ωa(x) = ǫabcdχ
b(x)χc(x)χd(x) transforming in the complex con-
jugate representation.
It is important to recognize that all the fermions are gapped in these lattice theories
as λ → ∞ so that in the continuum limit the construction provides a mechanism for
symmetric mass generation only for Dirac fermions. We now turn to a modification of
this construction that may provide symmetric mass generation for lattice fermions that
correspond to Weyl fermions in the (naive) continuum limit.
3 Chiral fermions in two dimensions
Consider now a modified lattice action in which the four fermion operator is replaced by
δS =
λ2
24
∑
x
P+ǫabcdχ
a(x)χb(x)χc(x)χd(x) (3.1)
. At λ = 0 the lattice theory describes one Dirac fermion. This theory retains all the
symmetries of the previous four fermion model but gains a further shift symmetry:
P−χ
a(x)→ P−χ
a(x) + P−h
a (3.2)
This last symmetry ensures that the fields χa− = P−χ
a remain massless and non-interacting
for all λ. However, potentially the fields χa+ living on even parity lattice sites are interacting
2This choice of auxiliary allows the effective fermion action to avoid a sign problem which is useful for
Monte Carlo simulation
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and may develop a mass gap. One might hope to mimic the situation described earlier
whereby the fermions in χ+ could gap without breaking symmetries. That would lead to a
theory whose low energy states were described purely by the fields χ−. As we argue below,
these two lattice degrees of freedom naively generate a single Weyl fermion in the continuum
limit. Of course for this to happen there must be no anomalies. While the continuous SO(4)
symmetry is manifestly anomaly free a more subtle issue arises in connection to the discrete
symmetry G. This symmetry is closely related to another discrete symmetry of continuum
2d fermions termed chiral fermion parity P = (−1)FL in which ψL → −ψL and ψR → ψR
[33]. The anomaly associated with this symmetry is given by
ν4 = n+ − n− mod 8 (3.3)
where n± denote the number of fermions with chiral parity ±1. Thus the anomaly vanishes
for multiples of eight Majorana fermions and we learn that the continuum theory can remain
anomaly free only if we gap Majorana fermions in multiples of eight.
Moreover, there is a close relationship between continuum chiral parity and the site
parity of reduced staggered fermions with fields of definite chiral parity being built from
staggered fields of definite site parity. This ties the cancellation of the continuum chiral
parity anomaly to the number of lattice fermions of definite site parity. Presumably a
model with the wrong number of lattice fermions will either not have a continuum limit or
will satisfy the anomaly constraint by producing a vector-like continuum theory.
If we use continuum anomaly cancellation as a guide we are led to consider eight
rather than four copies of the original reduced staggered fermion and modify the four
fermion interaction accordingly. The required four fermion term must be invariant under a
group that contains all eight fermions in some anomaly free representation. The following
choice does the trick [15, 18, 34]
δS =
λ2
4
∑
x
7∑
A=1
P+
(
χT (x)ΓAχ(x)
)2
(3.4)
where the staggered fields transform in an eight dimensional spinor representation of SO(7)
and ΓA are the corresponding gamma matrices. Explicitly,
Γ =
(
σ123, σ203, σ323, σ211, σ021, σ231, σ002
)
(3.5)
They are purely imaginary, antisymmetric and anticommuting matrices. This interaction
has the crucial property that it leads to a unique non-degenerate ground state which then
guarantees the impossibility of spontaneous symmetry breaking via single site condensates.
In practice we can generate such a term using an auxiliary field σA and action:
S =
∑
x
χT (x)ηµ(x)D
S
µχ(x) +
∑
x
λ
(
σa(x)χ(x)
TΓaχ(x)
)
+
1
2
σ2a(x) (3.6)
This interaction can be simplified to subgroups of SO(N) for 2 ≤ N < 7 by truncating
the index A to run from 1 . . . N as described in [18]. All these theories with reduced
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symmetry maintain the non-degenerate property of the ground state and hence can generate
mass without symmetry breaking.
So far our arguments suggest a dynamical mechanism for symmetric mass generation
for even site parity fermions. The naive continuum limit of this construction corresponds
to eight Majorana fermions consistent with anomaly cancellation.
To understand the continuum limit of this theory in more detail we follow Bock et
al. [35] and combine all the reduced staggered fields (we suppress the SO(7) indices for
simplicity) in a elementary square of the lattice to build a continuum-like matrix valued
fermion labeled by both spinor and flavor indices.3 This fermion resides on a lattice with
twice the lattice spacing. In terms of the original reduced staggered fields it is given by
(notice we use a chiral basis for the two dimensional gamma matrices)
Ψ = Iχ00(x) + χ01(x)σ1 + χ10(x)σ2 + σ1σ2χ11(x) (3.7)
where χn1n2(x) ≡ χ(x + n1µˆ1 + n2µˆ2) where nµ = 0, 1 are integer vectors labeling lattice
points in the unit square. Explicitly we find:
Ψ =
(
χ00 + iχ11 χ10 + iχ01
χ10 − iχ01 χ00 − iχ11
)
(3.8)
Assuming Lorentz invariance is restored in the continuum limit the Dirac spinors of the
continuum theory can be read off as columns of this matrix. Notice that the first column
yields a Dirac spinor while the second is just its charge conjugate. Notice that the parity
of a lattice site is perfectly correlated with the continuum chirality with say left handed
fields being composed solely of staggered lattice fields on odd parity sites. Thus, if the
interaction is successful in gapping out the fields living on even parity lattice sites, then
the low energy theory will contain just the odd parity fields which combine together to give
eight continuum Weyl fields of fixed chirality.
4 Chiral fermions in four dimensions
Again, consider a reduced staggered action together with the same Yukawa term imple-
menting the Kitaev interaction as in two dimensions eqn. 4.1. The full action is
S =
∑
x
χT (x)ηµ(x)D
S
µχ(x) +
∑
x
λ
(
σa(x)χ(x)
TΓaχ(x)
)
+
1
2
σ2a(x) (4.1)
At λ = 0 this action describes 2 Dirac fermions or two left and two right handed Weyl
fields. As for two dimensions the different continuum chiralities are associated with different
lattice site parities. Thus of the sixteen sites in the unit hypercube eight sites are even
parity and are associated with say right handed fermions while the other eight are odd
parity sites and carry fields which become left handed fermions in the naive continuum
limit.
3In the lattice literature this is termed the spin-taste basis.
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This can be seen explicitly by following the same procedure as in two dimensions and
constructing a 4× 4 matrix Ψ on a lattice with twice the lattice spacing using the sixteen
staggered fermions in a hypercube:
Ψ =
∑
{nµ=0,1}
χ{nµ}(x)γ
nµ (4.2)
where χ{nµ}(x) = χ(x+nµµˆ) with µˆ a unit vector in the µ-direction and γ
nµ = γn0
0
γn1
1
γn2
2
γn3
3
.
In a chiral basis it is easy to see that the matrix has the block structure
Ψ =
(
E O∗
O E∗
)
(4.3)
where the 2× 2 matrices E and O contain only even and odd lattice site staggered fields.
Again, the two Dirac spinors of the continuum theory correspond to the first 2 columns of
this matrix. If the fields residing in E are gapped out by the lattice four fermion term the
remaining massless states correspond to the two Weyl spinors situated in the block O.
In the continuum this would correspond to generating a mass for 2 × 8 Weyl fields
of fixed chirality in accordance with the vanishing of a discrete spin-Z4 anomaly in four
dimensions under which the different chiralities transform as ψL → −iψL and ψR → iψR
ν4 = n+ − n− mod 16 (4.4)
The remaining 64 light lattice fermions can be assembled into sixteen Weyl fermions in the
continuum limit. This low energy theory possesses an SO(7)× SU(2) symmetry with the
latter factor arising in the continuum limit from the two Weyl fermions packaged together
in the reduced staggered fermion. In the case of a vector-like theory it was necessary to
add an additional kinetic term for the auxiliary in order to access a continuous transition
between massless and massive symmetric phases and it is likely that this will also be true
in the chiral fermion case.
Again, as described earlier, it is possible to reduce the target global symmetry to a
subgroup of SO(7). For example, in [18] this feature is used to create a theory with SO(6)
symmetry that targets the Pati-Salam GUT theory.
5 Summary and Prospects
In this paper we have argued that it is possible to generate masses without symmetry
breaking for lattice models of reduced staggered fermions. For theories that yield vector-
like theories in the continuum there is strong evidence from numerical simulation that
such phases are indeed realized. In this paper we have shown how to generalize this to
construct lattice theories which incorporate a Kitaev type interaction acting on lattice
fields associated with sites of fixed site parity. We argue that the form of this interaction
is required in order for the lattice theory to be consistent with the cancellation of discrete
anomalies in a target continuum theory. Furthermore, we argue that in the naive continuum
limit the low energy states of the lattice theory behave as chiral fields.
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While we have shown that gapped reduced staggered fermions yield precisely the right
counting to satisfy all the continuum anomalies in two and four dimensions, this feature
appears to be quite general; for example, in three dimensions the unit cube in the lattice
contains eight reduced staggered fields. Gapping say the even site parity fields one is left
with four lattice fields consistent with the appearance of two Majorana fermions in the
continuum. Since the Kitaev interaction requires eight copies of this system one finally
obtains sixteen continuum Majorana fields as is needed to cancel the discrete anomaly in
three dimensions.
Finally, since no symmetries are broken by this procedure the SO(7) symmetry (or an
appropriate subgroup of it) can be gauged to yield a lattice gauge theory which is chiral in
the continuum limit. This is indeed an exciting prospect.
Some caveats are in order. We have assumed Lorentz invariance is restored in the
continuum limit in order to identify how continuum chirality is related to lattice site parity.
Furthermore, while symmetric mass generation in the vector-like case has been checked with
Monte Carlo simulation this will be problematic in the models targeting chiral fermions
because of sign problems. Also, as for Dirac fermions, it is likely that a full Higgs-Yukawa
model will be needed to have a hope of obtaining a continuum limit in four dimensions.
Finally, it is possible that lattice bilinear operators coupling fermions at different sites in
the hypercube may condense. Such spontaneous breaking is not prohibited by the Kitaev
interaction which is purely a single site operator. Such condensates have not been seen
in any of the vector-like model simulations but it is possible that the chiral models may
behave differently. More work is needed to decide this issue.
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